of category liftings in the product of two topological spaces X and Y such that X × Y is a Baire space. For given densities ρ, σ on X and Y , respectively, we introduce two 'Fubini type' products ρ σ and ρ σ on X × Y . We present a necessary and sufficient condition for ρ σ to be a density. Provided (X, Y ) and (Y , X) have the Kuratowski-Ulam property, we prove for given category liftings ρ, σ on the factors the existence of a category lifting π on the product, dominating the density ρ σ and such that π (A × B) = ρ(A) × σ (B) for Baire subsets A of X and B of Y , and ρ π (E) y = π (E) y for all y ∈ Y and Baire subsets E of X × Y .
We show that further properties of consistency with the product structure cannot be expected. 
Introduction
In [11] densities and liftings defined in products of two probability spaces and possessing section properties analogous to that described by the Fubini theorem in case of measures and measurable sets were considered. These properties have been then applied to prove the permanence of the measurability of stochastic processes under the modification by liftings [11] .
In [2] the product situation for the σ -algebra B c (X) of all sets having the Baire property, selecting a representative element from each equivalence class of B c (X) modulo sets of the first category (S. Graf [8] , D. Maharam [10] and J.C. Oxtoby [14] ) was investigated. Following J.C. Oxtoby's [14, p. 74] remark that "the suggestion to look for a category analogue has very often proved to be a useful guide", we have attempted to check if this can be interesting in case of our investigations.
It has been proven in [2] that given topological spaces X and Y such that the product space X × Y is Baire and given The second problem investigated also in [2] concerns the existence of a density θ I on a Baire product i∈I X i of topological spaces such that if ∅ = J ⊆ I and A ∈ B c (X J ), then there is a B ∈ B c (X J ) such that θ I (A × X J c ) = B × X J c . This is an obvious generalization of the two factor case. We say that such a density respects coordinates. The terminology is taken from measure products case, where it has been proposed by Fremlin [5] .
The best-known result in case of finite measure products is due to Burke [1] , who proved the existence of liftings respecting coordinates (no coordinate liftings are fixed in advance). In case of infinite product, Fremlin [5] proved the existence of liftings respecting coordinates if all the coordinate measure spaces are Maharam homogenous.
In this paper we continue the investigation of [2] by introducing Fubini type products for densities and liftings and studying their consistency with the product structure. We call ξ the -product of υ and τ , and denote it by υ τ .
This formula defining the -product density from its marginals (see Definition 2.2 and [2, Propositions 3.1 and 4.1]) makes clear the crucial difference between the measure and the category cases. A non-meager set with the Baire property in the product contains, up to a meager set, a rectangle with non-meager sides with the Baire property, while a famous result of P. Erdös and J.C. Oxtoby [3] exhibits an example of a set of positive measure in the product σ -algebra of quite arbitrary non-atomic positive measure spaces, containing, up to a set of measure zero, no rectangle of positive measure. That fact makes it clear that in the category case we should apply completely different methods than in case of measure product liftings. The latter is done, as a rule, by transfinite induction, relying crucially on the martingale theorem, not available in the category case. 
The situation here is much better than in the measure-theoretic case, since in that case such results hold true only under a measurability condition (see [12, Definition 4.2] ) that is automatically satisfied in the category case. We prove in [12, Remark 5.1] , that this measurability condition sometimes fails in the measure-theoretic case. 
More precisely, we prove that given arbitrary topological spaces X and Y such that the product space X × Y is Baire and such that the pair (X, Y ) satisfies the Kuratowski-Ulam property, and given (strong) liftings ρ on (X,
y ) holds true (see Theorem 4.12). One should notice that it is impossible (besides some trivial cases) to have also the section property [π 2 
It is also impossible (besides some trivial cases) for the subdensity ρ σ to be a lifting (see Theorem 5.5 ).
In Section 6 we extend the result to finite products of topological spaces. For finite products of Polish spaces we prove that the -product of the corresponding canonical densities coincides with the corresponding -product, which respects coordinates and possesses nice section properties (see Theorem 6.8) .
In the category products of more than two factors the existence of liftings respecting coordinates remains open. In Section 7 we examine conditions under which there exist countably additive liftings or countably multiplicative densities and consequences for the existence of product densities with invariant sections. It is well known that in case of measure spaces countably additive liftings exist only in the case of purely atomic measures. (Cf. the comment after Proposition 7.8.)
Preliminaries
Throughout we assume that all topological spaces under consideration are non-empty. Let X be a topological space. The weight of X is denoted by w( X). A family U of non-empty open sets in a topological space will be called a pseudo-basis (π -basis for short), if every non-empty open set in X contains an element U ∈ U . The minimal cardinality of a π -basis will be denoted by π(X). For each subset A of X we denote by cl A (or by A) and by int( A) the topological closure and interior of A, respectively. A set A ⊆ X is nowhere dense if int(cl A) = ∅. A set M ⊆ X is meager or of the first category if it is expressible as a union of a sequence of nowhere dense sets. A set A ⊆ X is of the second category if it is not meager. We recall the standard observation (see, e.g., [13] ) that when Y is a dense subspace of X , for subsets A of Y we have that A is nowhere dense in Y if and only if A is nowhere dense in X , and A is meager in Y if and only if A is meager in X .
An open set A ⊆ X is said to be regular open in X if it coincides with the interior of its closure. A set A ⊆ X has the Baire property if it can be represented in the form A = G N, where G is open and N is meager. A topological space X is called a Baire space if every non-empty open set in X is non-meager. M(X) denotes the collection of all meager subsets of the topological space X and B c (X) denotes the σ -algebra of sets possessing the Baire property. add(M( X)) := min{card J:
and similarly for equality in place of the inclusion. It is crucial for this paper that we apply weaker functionals than densities. We define them now. Given a map υ : B c (X) → P(X) we consider for every A, B ∈ B c (X) the following properties
We call a υ ∈ P(X) If no confusion arises we say "density" instead of "category lower density" and "measure-theoretic lower density" and "lifting" instead of "category lifting" and "measure-theoretic lifting".
For each E ∈ B c (X) we denote by ϕ X (E) the regular open set equivalent to E. ϕ X : B c (X) → B c (X) defined in that way is a strong density (see [8, Section 9] , [10, Section 4] or [14, p. 88] ). ϕ X will be called the canonical density on
Notice that ϕ X is a lifting precisely when every regular open set in X is clopen, i.e., precisely when X is extremally disconnected.
The collection of all strong densities and of all strong liftings on (X, B c (X), M(X)) will be denoted by ϑ s (M(X)) and by Λ s (M(X)), respectively.
Each topological space X admitting a strong density is a Baire space. In fact, assume that X is a topological space admitting a strong density ϕ. Then for each non-empty open set G we have G ⊆ ϕ(G), from which it follows that ϕ(G) = ∅ and hence G is not meager.
If a Baire space X is a topological group, a map δ from B c (X) into P(X) is called left invariant for X , if δ(xE) = xδ(E) for every E ∈ B c (X) and x ∈ X .
If I is a non-empty set and X i i∈I is a family of arbitrary topological spaces then, for each ∅ = J ⊆ I we denote by X J the product topological space i∈ J X i . If J = ∅, then for simplicity of notation we identify X J × Y with Y .
We say that a ϕ ∈ ϑ(M(X I )) is separately Baire additive if for any non-empty sets J , K ⊆ I with J ∩ K = ∅ we have
For measure-theoretic densities this notion is due to Fremlin [5] , where it is called the ( * ) property.
we say that ξ is a product of δ and υ, and we write it as ξ ∈ δ ⊗ υ if
We use similar notation for a map ξ : 
It can be easily seen that if ϕ I respects coordinates then, for each ∅ = J ⊆ I there is a uniquely determined subdensity Throughout this paper we assume that X and Y are topological spaces such that X × Y is a Baire space.
The box-cross product
Before the next result we need a proposition as a preparation. The notion of the upper hull appears in the paper [7] of J. Gapaillard, for the measure-theoretic case. (ii)
Proof. (i) is obvious and ad (ii) note that in the same way as in [7] the map m is a monotone lifting, hence
. By (ii) we have only to show that m satisfies condition (U) and that
Together with the consequence of (ii) that
Item (iv) follows from the minimality condition satisfied by
by means of
The next result improves Proposition 4.1 from [2] . 
Proposition 2.3. For arbitrary maps
Proof. Condition (i) is obvious by definition of υ τ .
Ad ( 
we get for τ • the following properties.
If (X, Y ) has the Kuratowski-Ulam property, then the following properties are also satisfied:
e. (M(X)).

If also (Y , X) has the Kuratowski-Ulam property we get in addition:
Proof. The assertions (i)-(iii) can be easily proven. 
Proof. The result follows immediately from Proposition 3.6 and from [2, Proposition 3.1]. The equality E 
In a similar way we define a mapping τ t υ :
, and this implies the product property (iii).
Condition (iv) is a consequence of Proposition 3.3(vii).
To prove condition (v), let us fix an arbitrary 
Proof. The product property in (i) follows from Lemma 4.2(iii). (L2) for υ τ follows from Lemma 4.2(iv) and (N) for υ τ is clear by Proposition 3.3(ii).
Applying K-U of (X, Y ) and (Y , X) we have by Proposition 3.
To prove the condition (F) let us fix arbitrary sets E, F ∈ B c (X × 
y and we get
The above proves also the forward implication in (ii) and for (i) there remains only to note that if one of the sets
y is empty then we trivially have the inclusion
To show the second part of (ii), let 
Thus, υ τ is not a density. This completes the proof of (ii).
But υ ∈ Λ(M(X)) and so taking into account Lemma 4.2(ii) we obtain
Assume now also that τ ∈ Λ(M(Y )) and that E is regular open, we get then from Proposition 3.
Proof. It is immediate from Corollary 3.7 in connection with Proposition 4.
) the following conditions hold true:
y for every y / ∈ N E then there exists a set
y and this
It then follows by (ii) the inverse equation for all y / ∈ M E . 2
Theorem 4.9. Let (X, Y ) and (Y , X) be K-U pairs and let υ ∈ ϑ(M(X)) and τ ∈ ϑ(M(Y )) be arbitrary densities. Then
(i) υ τ υ τ ∈ ϑ(M(X × Y )) ∩ υ ⊗ τ and ϕ υ τ for all ϕ ∈ ϑ(M(X × Y )) with ϕ υ τ ; (ii) υ τ υ τ ; (iii) [(υ τ )(E)] y ⊆ υ
([(υ τ )(E)]
y ) for all y ∈ Y and all E ∈ B c (X × Y );
(iv) if υ and τ are strong, then υ τ is strong;
Proof. Ad (i): All properties listed in this item with the exception of the product property υ τ ∈ υ ⊗ τ are obvious from the Propositions 4.4 and 2.1.
To prove the product property, let us fix arbitrary A ∈ Σ and
), by Proposition 3.3(i). It follows that if y ∈ τ (B) is arbitrary and [τ • (F )]
y ∈ B c (X), then [(υ τ )(F )] y = υ([τ • (F )] y ) ⊆ υ([A ×τ (B)] y ) = υ(A). Otherwise [(υ τ )(F )] y = ∅. Hence, υ
τ (F ) ⊆ υ(A)×τ (B) = υ τ (A × B). And so (υ τ )(A × B) ⊆ (υ τ )(A × B).
Conversely, by Lemma 4.2(iii) and Proposition 2.1(i) we get υ(A) × τ (B) = (υ τ )(A × B) ⊆ (υ τ )(A × B). Hence υ τ (A × B) = υ(A) × τ (B).
Ad (ii): Let us fix an arbitrary E ∈ B c (X × Y ). Then applying υ τ ∈ υ ⊗ τ from (i) we get 
Condition (iii) follows from Lemmas 4.2(ii) and 4.8(i), whereas (v) follows from Lemmas 4.2(ii) and 4.8(iii). Condition (iv) follows in the same way as condition (vi) of Proposition 4.1 from [2]. (vi) is a direct consequence of Proposition 4.4(iii) since (υ τ ) (υ τ ). 2 Proposition 4.10. Suppose that X , Y are topological groups such that (X, Y ) is a K-U pair. If υ ∈ ϑ(M(X)) is left invariant for X and τ ∈ ϑ(M(Y )) is left invariant for Y , then υ τ is left invariant for X × Y .
Proof. For E ∈ B c (X × Y ) and (x 0 , y 0 ) ∈ X × Y we have (υ τ )((x 0 , y 0 )E) = {(υ τ )(F ): F ⊆ (x 0 , y 0 )E} = {(υ τ )((x 0 , y 0 )G): G ⊆ E} = {(x 0 , y 0 )(υ τ )(G): G ⊆ E} = (x 0 , y 0 ) {(υ τ )(G): G ⊆ E} = (x 0 , y 0 )(υ τ )(E),(i) ϕ X×Y = ϕ X ϕ Y ϕ X ϕ Y = ϕ X ϕ Y ∈ ϑ(M(X × Y )) ∩ ϕ X ⊗ ϕ Y ; (ii) [(ϕ X ϕ Y )(E)] y = ϕ X ([(ϕ X ϕ Y )(E)] y ) for all y ∈ Y and E ∈ B c (X × Y ); (iii) [(ϕ X ϕ Y )(E)] x ∈ B c (Y ) for all x ∈ X and all E ∈ B c (X × Y ).
Proof. (i) follows from Theorem 4.6 and Lemma 4.2(iii). Condition (ii) follows from (i) and from Lemma 4.2(ii).
Ad (iii): Let us fix an arbitrary
E ∈ B c (X × Y ). We then have (ϕ X ϕ Y )(E) ϕ X×Y (E) ∈ M(X × Y ). Since (Y , X) is a K-U pair, there exists a set M 1 ∈ M(Y ) such that (ϕ X ϕ Y )(E) ϕ X×Y (E) y ∈ M(X) for all y / ∈ M 1 .
But according to [2, Proposition 3.1], there exists a set
For M := M 1 ∪ M 2 we get from the above
Then for arbitrary x ∈ X we get
by completion of B c (Y ). Consequently, condition (iii) holds true. 2
Property (ii) of the above theorem improves the corresponding property for the -product ϕ X ϕ Y .
Theorem 4.12. Assume the K-U property of (X, Y ) and (Y , X). If ρ ∈ Λ(M(X)) and σ ∈ Λ(M(Y )) then, there exists π 2 ∈ Λ(M(X × Y )) such that:
(iii) if ρ and σ are strong, then π 2 is strong;
ϕ(E) y and ρ σ (E) ⊆ ϕ(E) .
Notice first that Φ = ∅ since by Theorem 4.9 we have ρ σ ∈ Φ. We consider Φ with inclusion as the partial order: ϕ ϕ if ϕ(E) ⊆ ϕ(E) for each E ∈ B c (X × Y ). One can easily see that there exists a maximal element in Φ, which we denote by π 2 . We shall prove first that if
y 0 and so π 2 and π are different densities. In order to get a contradiction with our hypothesis it is enough to show that [ π(E)]
To finish the proof of the first part let us notice that π defined by
y ) also is an element of Φ and so the condition (ii) is satisfied.
According to Theorem 4.
y . Eq. (2) yields now the required equality. 2
Non-existence results
There is now a natural question: Can ρ σ be a lifting at least for some liftings ρ and σ ? We are going to show that in general the answer to this question is to the negative.
In the sequel we denote by P(N) the space of all subsets of N endowed with the ordinary product metric topology.
It follows in the same way as in Theorem 6.8 and Corollary 6.9 in [2] that the following two results hold true. We note that the proof of Theorem 6.8 in [2] was not presented in an entirely clear way. It is given as an immediate consequence of Proposition 6.7 of [2] but the obvious proof requires the version of Proposition 6.7 where y is the pointȳ given by Theorem 6.8(j). The reason we have this is that the proof of Proposition 6.7 works as long as U = {A ∈ B c (Y ): y ∈ θ(A)} is not countably complete. By the proof of Proposition 6.4, this is true in the context of Theorem 6.8 for any choice of y because of the small cellularity. (P(N) ). There exists also a set E ∈ B c (X × P(N)) such that
Theorem 5.1. Let X be a Baire separable metric space without isolated points. If ρ ∈ Λ(M(X)) and ϕ ∈ ϑ(M(X × P(N))) are such that for each E ∈ B c (X × P(N)) there exists a set M E ∈ M(P(N)) such that
It follows from the above corollary, that Theorem 4.12 cannot be in general improved. 
Proposition 5.3. Let X be a separable metric space without isolated points. Then no σ ∈ Λ(M(X)) generates P(N)-measurable
(i) τ generates X -measurable sections; (ii) υ τ ∈ Λ(M(X × Y )). Proof. If τ generates X -measurable sections then for all E ∈ B c (X × Y ) and all y ∈ Y we have [τ • (E)] y ∈ B c (X). It follows from Lemma 4.2(ii), that υ τ ∈ ϑ(M(X × Y )). According to Proposition 2.1(iii) it will suffice to show (υ τ )(E c ) = [(υ τ )(E)] c for all open subsets E of X × Y to get υ τ ∈ Λ(M(X × Y )). We have (x, y) ∈ (υ τ ) E c ⇔ x ∈ υ τ • E c y = υ τ • (E) c y = υ τ • (E) y c ⇔ x / ∈ υ τ • (E) y ⇔ (x, y) ∈ (υ τ )(E) c for all (x, y) ∈ X × Y . Hence (i) implies (ii).
For the converse implication note that (υ τ )(E
y ∈ B c (X) for every y, i.e. τ generates X -measurable sections. 2
The next result says that in many situations the Fubini type product as well as the box product of liftings is never a lifting. 
Theorem 5.5. Let X be a Baire separable metric space without isolated points. If τ ∈ Λ(M(X)) and υ ∈ Λ(M(P(N))). Then υ τ ∈ F (M(P(N) × X)) but υ τ / ∈ Λ(M(P(N) × X)).
Proof. The existence of υ τ ∈ F (M(P(N)
×
Densities in finite products
Throughout what follows, for an arbitrary n ∈ N, X i i∈ [n] is a finite sequence of topological spaces such that the product space X [n] is Baire and for each k ∈ [n] with 1 < k n the pair (X [k−1] , X k ) has the Kuratowski-Ulam property.
Proof. Let us fix
, where in the first argument, (υ 3 ) • is defined on subsets of (X 1 × X 2 ) × X 3 while in the second argument, (υ 3 ) • is defined on subsets of X 2 × X 3 . 2 Definition 6.2. If for each k n also the pair (X k , X [k−1] ) is K-U, we define υ 1 · · · υ n recursively by υ 1 · · · υ n+1 := (υ 1 · · · υ n ) υ n+1 for all n ∈ N and in case n = 2 by Definition 4.1.
It follows by Proposition 4.4(i) and by induction on n, that υ 1 · · · υ n is a uniquely defined subdensity on B c (X [n] ). We call i∈ [n] υ i the -product subdensity of the densities υ i . 
have the Kuratowski-Ulam property. Then we have
) and x J c ∈ X J c we have
Proof. Ad (i): The proof of (i) follows by induction on n ∈ N \ {1}.
The case n = 2 follows by Lemma 4.2(iii). For the inductive step from n to n + 1, let
where E * J ∈ B c (X J ), because of K-U property of (X J \n+1 , X n+1 ) and Proposition 4.4(i). Hence η n+1 respects coordinates.
Condition (ii) follows from Corollary 6.3 and Proposition 4.4(i), if we notice that
Definition 6.5. Let X i i∈I be a non-empty family of topological spaces such that the product space X I is Baire. For an arbitrary non-empty subset J of I and an arbitrary family υ i i∈ J of densities
where Fin( J ) denotes the collection of all non-empty finite subsets of J ⊆ I . It follows from [2, Theorem 7.2], that i∈ J υ i is a uniquely defined density on B c (X J ). We call i∈ J υ i the -product density of the densities υ i . Definition 6.6. If for each k n also the pair (X k ,
for all n ∈ N and in case n = 2 by Definition 4.7.
It follows by Theorem 4.9 and by induction on n, that i∈[n] υ i is a uniquely defined density on B c (X [n] ). We call i∈ [n] υ i the -product density of the densities υ i .
Theorem 6.7. Assume n ∈ N is arbitrary and that for all non
Proof. The existence of the density j∈K υ j satisfying properties (i)-(vi) follows by Theorem 4.9 and by induction.
To show property (vii), let 
) and x J c ∈ X J c we have 
Countably multiplicative densities and liftings
In this section, we address questions raised by the results in Section 6 of [2] and in [16] . We begin with some observations concerning [16] . The results of that paper are worded in the language of the structures which are called in [4] measurable spaces with negligibles which are triples (X, Σ, I) where Σ is a σ -algebra of subsets of X and I ⊆ Σ is a σ -ideal. We also include in the definition the non-triviality condition X / ∈ I. The notions of density and lifting are defined for measurable spaces with negligibles by replacing the sets having the property of Baire and the meager sets in our definitions by the members of the given σ -algebra and the given σ -ideal respectively. 3 if n δ(a n ) = 0 whenever {a n } is a decreasing sequence in A such that n a n = 0.
In [16, p. 475 ], the claim is made that if the quotient algebra Σ/I is ccc and non-atomic then a density δ for (X, Σ, I)
cannot be continuous at zero. As we verify in this section, the claim is in fact equivalent to the Souslin Hypothesis 4 and hence is independent of ZFC. This observation leads to some minor adjustments to the results of [16] . We describe the ones that are relevant to the present paper. The main result of [16] is the following theorem. • (Rectangles with measurable sides are measurable) Σ × T ⊆ Ξ .
•
Suppose also that we are given densities δ ∈ ϑ(I), τ ∈ ϑ(J ) and ϕ ∈ ϑ(K) and that the sets ϕ(E) have (δ, τ )-sub-invariant sections for E ∈ Ξ . Then at least one of the densities δ, τ is continuous at zero.
In [16] there was the additional assumption that the quotient algebras Σ/I and T /J are ccc, but this was not used in the proof.
In the setting of Baire topological spaces of interest to us, we get the following corollary. Recall that we assume throughout that X × Y is Baire. Concerning the possibility of a density being continuous at zero, we note that the proof of Proposition 6.2 of [2] , with only minor changes, gives the following statement. 
Corollary 7.2. Let X and Y be topological spaces such that both (X, Y ) and (Y , X) are K-U pairs. Let
Proof. Apply Proposition 7.3 and Corollary 7.2. 2
We now consider the question of when a measurable space with negligibles (X, Σ, I) such that Σ/I is ccc can have a density which is continuous at zero. Relevant examples can be constructed using a standard topology on partial orders which we now recall. Let (P , ) be a partial order. Equip P with the topology in which the basic open neighborhood of 3 In [16] the term I-continuous is used for the property of a density δ : Σ → Σ for a measurable space with negligibles (X, Σ, I) that ∞ n=1 δ(A n ) = ∅ whenever {A n } is a decreasing sequence in Σ with ∞ n=1 A n ∈ I. The fact that δ is a selector for the equivalence classes easily implies the equivalence of I-continuity and continuity at zero in this context. If δ is moreover a lifting, then it is not hard to see that continuity at zero is equivalent to the countable multiplicativity requirement that δ( n A n ) = n δ(A n ) whenever {A n } is a sequence in Σ and this is again equivalent to the countable additivity requirement, that is δ( n A n ) = n δ(A n ) whenever {A n } is a sequence in Σ . An example of a density which is continuous at zero but not countably multiplicative can be constructed as follows. Start with a non-atomic measurable space with negligibles (X, Σ, I) which has a countably multiplicative density δ. (See Example 7.12.) Fix any strictly (modulo I) decreasing sequence {A n } in Σ with n A n / ∈ I. Add a new point p to get X = X ∪ {p} and define Σ = Σ ∪ {E ∪ {p}: E ∈ Σ}, I = {E ⊆ X: E ∩ X ∈ I}. The density δ for ( X, Σ, I) defined by setting δ(E) = δ(E ∩ X) ∪ {p} when for some n we have A n ⊆ I E ∩ X , and δ(E) = δ(E ∩ X) otherwise, is continuous at zero but not countably multiplicative. p ∈ P is the cone U p = {q ∈ P : q p}. 
If P equipped with this topology is a Baire space, then the canonical density on the category algebra of P preserves arbitrary intersections.
Let us say that a density which preserves arbitrary intersections is completely multiplicative.
The following example shows that in Proposition 6.4 of [2] , "lifting" cannot be weakened to "density".
Example 7.5. Let T = 2 <ω 1 (the set of all transfinite binary sequences of countable length), ordered by reverse inclusion.
Then T , equipped with the partial order topology defined above, is a Baire space whose category algebra is non-atomic and has a completely multiplicative density.
Proof. T is Baire because if G n , n ∈ N, are dense open sets and U is a non-empty open set, then we can inductively choose
The regular open algebra of T is non-atomic since every node in T has two immediate successors. 2 Example 7.6. Suppose there is a Souslin tree T , i.e., a tree of height ω 1 in which the chains and antichains are all countable.
Then there is a non-atomic Baire ccc space whose category algebra has a completely multiplicative density.
We do not know whether the example can be made Tychonoff.
Proof. This follows by pruning T slightly and giving it the partial order topology corresponding to the reverse order on T . All of this is standard. To make this section self-contained, we recall the arguments. The point is that every dense open set G includes all but countably many elements of T (and hence U ∩ n G n includes all but countably many points of U for any non-empty open set U and dense open sets G n ). Indeed, let X ⊆ T be uncountable. We will show that G cannot omit all of X . With S as in Fact 7.7, take any q ∈ T \ p∈S U p of height greater than the height of any element of S. (The difference is uncountable since it includes all but countably many points of X .) Then for any r q, we have that r ∈ T \ p∈S U p . (If r ∈ U p for some p ∈ S, then we must have either p q or q p. The former is impossible because q / ∈ U p . The latter is impossible because q was chosen to have height greater than then height of p.) Thus, X ∩ U r is uncountable and in particular non-empty. This shows that X ∩ U q is dense in U q and hence has non-empty intersection with G. Now given any Souslin tree T , we can replace T by T \ A as in (a) to get a tree whose non-empty open sets are uncountable and whose regular open algebra is non-atomic. By (b), the resulting tree is Baire. This gives the desired example. 2 Proof. Inductively choose maximal cellular families A n ⊆ D n so that A n+1 refines A n . There is a set Y with X \ Y ∈ I such that for each n, the sets θ(e) ∩ Y , for e ∈ A n are pairwise disjoint and for each e ∈ A n+1 , there is an e ∈ A n such that θ(e) ∩ Y ⊆ θ(e ) ∩ Y . Choose any point x ∈ n ( {θ(e): e ∈ A n }) ∩ Y . (There is such a point because Y and each of the unions is co-negligible.) For each n, there is unique e n ∈ A n such that x ∈ θ(e n ). Then {e n } is decreasing, n θ(e n ) is non-empty but n e n = 0 since otherwise n e n belongs to each D n . 2
Notice that Proposition 7.8 generalizes a standard argument for the non-existence of a countably additive lifting for the measure algebra of a non-atomic probability space. (In this setting D n consists of all non-zero elements of A of measure at most 1/n.)
Recall that a Souslin algebra is a complete Boolean algebra B which is non-atomic, ccc and has the property that the (ii) Each B a has a countable dense set, so it suffices to show that B itself is not Souslin. B is ccc since B \ {0} has a countable dense set. We may assume that B is also non-atomic since otherwise we are done by the definition of Souslin algebra. Let {a n : n ∈ N} be a dense set in B \ {0}. Let D n be the downward closure in B \ {0} of the set of atoms of the algebra generated by {a 1 , . . . , a n }. [14] .) The existence of the countable π -bases is also precisely the hypothesis of Proposition 7.9(ii)
for the regular open algebras of X and Y . By Proposition 7.9 ((ii) and (i)), we can apply Proposition 7.8 to conclude that δ and τ are not continuous at zero. Now apply Corollary 7.2. 2
In [2, Question 6.1] asks whether the category algebra of a non-empty Baire space without isolated points can have a lifting which is countably additive. The question was answered affirmatively by D.H. Fremlin. With his permission we include the example here. Fremlin's example was not compact. For the following compact version the authors acknowledge a helpful discussion with W.A.R. Weiss. The example uses a compact cardinal. A regular uncountable cardinal κ is called compact if every κ-complete filter on any set S can be extended to a κ-complete ultrafilter on S. (U is κ-complete if α<λ A α ∈ U whenever A α ∈ U for α < λ < κ.) The text [9] has the basic facts about these, but we only need the definition.
It was shown in [2] that the construction of an example requires a measurable cardinal. In terms of consistency strength, a compact cardinal is much more than a measurable. We do not know whether an example can be constructed from just a measurable cardinal.
Example 7.11. There is a compact Hausdorff space without isolated points whose category algebra has a countably additive lifting.
Proof. Fix a compact cardinal κ and define the space X = {0, 1} κ equipped with the order topology induced by the lexicographic order. The order is Dedekind complete with smallest and largest elements the constant sequences 0 and 1, respectively. Notice that for each point p we have that at least one of the sets i < κ: p(i) = 0 , i < κ: p(i) = 1 has cardinality κ. In the first case (p, 1] has coinitiality κ (i.e., κ is the minimum cardinality of a set in (p, 1] with no lower bound) and in the second [0, p) has cofinality κ. Notice also that if x < y are adjacent (i.e., there is no z such that x < z < y) then there is an α < κ such that • x 0 = x, y 0 = y,
• α < β λ implies x α < x β < y β < y α ,
• (x α , y α ) ⊆ G α .
The induction continues at a limit stage α because if we let x α = sup β<α x β and y α = inf β<α y β then the cofinality of [0, x α ) and the coinitiality of (y α , 1] are both < κ and hence x α = y α is impossible. Thus x α < y α and the two points are not adjacent because then [0, x α ) would have cofinality κ as noted above. (c) For each point p, the filter generated by F p and the dense open sets is κ-complete, so it extends to a κ-complete ultrafilter F p . Define a lifting from these ultrafilters in the usual way. The κ-completeness of the filters gives the κ-additivity of the lifting. 2
